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Abstract: A decentralized controller design approach is developed for the timed
discrete event systems which are modelled by timed automata in this work. An ap-
proach, called augmentation, is presented to obtain the new modelling method such
that each unit delay of any event represents a pair of new state and event. The aug-
mented automata model, obtained by using this approach, is considered to design a
decentralized controller. This controller design approach is developed such that the
local controller is designed for each subautomaton, obtained by using overlapping
decompositions and expansions and these controllers are then combined to obtain
a decentralized controller for the given timed automaton. The designed decentral-
ized controller guarantees the unreachability of a forbidden state in the considered
automaton.
Keywords: Discrete event systems, Automata, Time delays, Decentralized con-
troller.
1 Introduction
Although automata and Petri nets are known as common modelling methods for discrete event sys-
tems (see, [1]– [4]), these models were first presented without time notation. Since there exist time delays
in the dynamic systems, time notation is a necessity for the modelling methods of the discrete event sys-
tems [5,6]. Time notation was used for automata (see, [7]). In this timed automata model, a class of finite
state automata was extended with a set of clocks. The clocks were chosen as real values and timed event,
denoted by a pair of an event and its occurence time, were used to determine the reachability of any
state. Afterwards, the timed automata model was used by many works (for example, [8–10]). Moreover,
the basic supervisory controller approaches were presented for these timed systems, modelled by timed
automata (for example, [11–13]).
It is known that the computational complexity of a supervisory controller design depends on the
number of states and clocks for the timed automata model [10]. Moreover, the computational complexity
increases exponentially with the number of states of the untimed automata model [14] (also see, [15]).
Thus, a controller design for timed automata (especially, large scale automata have more number of
states and events), can be more complex. An approach, called augmentation, is first introduced for timed
automata in order to decrease the computational complexity, depending on the time and/or clock, of a
controller design.
This approach, based on [16,17], is described such that each unit delay of any event represents a pair
of new state and event, and then these pairs are added to the original automaton. A new modelling model
is introduced such that the augmented automaton is obtained by adding the pairs of events and states,
corresponding to unit time delays, to the original automaton in this work. In [16, 17], the strecthing
approach was developed for timed Petri nets. In this developed approach, each delay, assigned to a
transition, denotes a pair of new place and transition. Using the similarity between automata and Petri
nets, we first develop the augmentation approach in this work. Although any event of automata can be
related to any transition of Petri net, there exist some differences between these models (for example, a
marking vector of Petri net is corresponding to a state of automaton).
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The augmented automaton is used to design a decentralized controller in this work. An algebraic
approach, which gives the state space representation for automata, is also developed to determine the
state vectors.
Our aim is a decentralized controller design which prevents the occurence of the forbidden states.
To facilitate the controller design, we use the approach of overlapping decompositions. The overlapping
decompositions approach was first introduced by [18] for the case of continuous-state systems (systems
described by differential or difference equations with continuous state variables). This approach was
then used for discrete event systems by ( [4, 14, 19, 20]).
2 Preliminaries
2.1 Mathematical Model
The timed automata model is represented by A(Q;S ;C;q0;D). Here, Q is the set of states, S is the
set of events, C :QQ! S [ f0g is the connection matrix, q0 is the initial state at the initial time, and D
is set of the time delays of the events such that de 2R+ is the time delay of the event e 2 S , where R+ is
set of nonnegative real numbers.
The connection matrix is given as
C(qi;q j) :=

e; if qi is obtained when event e occurs at state q j
0; otherwise
; for qi;q j 2 Q
C(qi;q j) = 0 denotes no connection between two states qi and q j. C(qi;q j) = e denotes a connection
between these states via e. It is assumed that the connection of between two states is done by only one
event.
In this work, the vector-matrix form is used to determine new state. The state vector at time t is
denoted by S(t)
S(t) :=

LQ(q); if t = G (q), for any q 2 Q
Z; otherwise
Here, G (q) denotes the obtained time of state q (it is assumed that each event occurs immediately as it
becames possible), LQ : Q! f0;1gjQj, LQ(q) :=  1; if q= [Q] j0; otherwise ; j 2 f1; :::; jQjg where, [Q] j denotes
the jth element of Q, and jQj indicates the number of the elements of Q, t denotes the global time, Z,
which is zeros vector, denotes that the occurence of the event e has not finished at t or the considered
event can not occured at the given state.
The state equation is given as follows:
S(t) = (C_S(te))^O(e;te); e 2 S (1)
It is assumed that the initial state S(t0) = LQ¯(q0) and there exists an event e such that te = G (q) for
q 2 Q (there is one exception such that if there exists deadlock in the considered automaton, no event
can occur at deadlock state), where te denotes the occurence time of the event e. Note that, _ and ^ are
used respectively. Here,
 The event function is defined as O(e;te) := e f(t - te - de), where, f : R+ ! f0;1g; f(x) =
1; if x 0
0; otherwise
.
 The operation on the set S¨ := S [f0;1g is defined as 00= 0; ek0= 0; 0ek = 0; 01= 0;
10= 0; 11= 0; ek1= ek; 1 ek = ek; ek ek = 0; ek el = 0; el ek = 0:
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 The operation _ on the matrices H 2 S¨ jQjjQj and R 2 S¨ jQj, F = H _ R, is defined as F(i) =PjQj
k=1H(i;k)R(k); i 2 f1; :::; jQjg.
 The operation 
 on the set S¨ is defined as 0 
 0 = 0; ei 
 0 = 0; 0 
 ei = 0; 0 
 1 = 0;
1 
 0= 0; 1 
 1= 1; ei 
 1= ei; 1 
 ei = ei; ei 
 ei = 1; ei 
 e j = 0; e j 
 ei = 0.
 For F 2 S¨ jQj and e 2 S , F^ e= [F(1)
 e ::: F(jQj)
 e]T .
In the given example automaton, shown in Fig. 1a, the set of states is Q = fq0;q1;q2;q3;q4g, the set
of events is S = fe1;e2;e3;e4;e5;e6;e7g, and the initial state is q0. The set of time delays, assigned to the
events, is given as de1 = de2 = de6 = 2 sec., de3 = 3 sec., de4 = de5 = de7 = 1 sec. Let the occurence time
of e3 be te3 = 5 sec. and S(5) =LQ(q2) = [0 1 0 0 0]T . The state vector is obtained as
S(t) = (C_S(5))^O(e3;5) =
0BBBB@
266664
0 0 0 e4 0
e1 0 0 0 0
0 e3 0 e5 0
0 e2 0 0 e6
e7 0 0 0 0
377775_
266664
0
1
0
0
0
377775
1CCCCA^ (e3f(t-5-3))
=
266664
0
0
e31
0
0
377775^ (e3f(t-5-3)) =

[0 0 1 0 0]T ; if t  8
[0 0 0 0 0]T ; if 5 < t < 8
q2 is obtained when the occurence of event e3 is completed (q2 is not yet obtained in time interval
between 5 sec. and 8 sec.). In this work, a new model is introduced in next section and used to design a
decentralized controller.
2.2 Overlapping Decompositions and Expansions
Overlapping decompositions and expansions [21] have been widely used to design decentralized
controllers for continuous-state systems. These concepts have also been used to design supervisory
controllers for discrete event systems modeled by Petri nets [19] and by automata [14]. To our best
knowledge, overlapping decompositions and expansions of discrete event systems modelled by automata
or formal languages have been first introduced in [14]. In the given approach, overlapping subautomata
of an automaton are first identified by examining the topological structure of the given automaton. These
subautomata are identified such that the only interconnection between the subautomata are through the
overlapping part, i.e., no event should connect two states in different subautomata, unless one of these
states is in the overlapping part of the two subautomata. As an example, the automaton (Fig. 1a) can be
decomposed into two subautomata as shown in Fig. 1b-1c ( [14]).
After an overlapping decomposition of the original automaton is obtained, the expansions of the
automaton is explained as follows [14]:
i) A state or an event in the overlapping part of n subautomata is repeated n times and each repeated
state/event is assigned to a different subautomaton.
ii) Two events are introduced between any two repeated states, such that when such an event occurs
the state changes from one repeated state to the other. Note that, a delay of each new event is
assigned to the biggest common divisor of time delays of the original automaton in this work.
iii) If the initial state is in the overlapping part of the original automaton, then the initial state of the
expanded automaton can be chosen as any one of the repeated states of the original initial state.
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Otherwise, the initial state of the expanded automaton is chosen as the initial state of the original
automaton.
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Figure 1. (a) Example automaton (b) Overlappingly decomposed automaton (c) Expanded automaton
As a result of this procedure, an expanded automaton, which consists of a disjoint subautomata, is
obtained from an original automaton which was decomposed into a overlapping subautomata.
The set of states of the expanded automaton is given by Q˜ := [ai=1Qi, where Qi is the set of states
of the ith subautomaton. The set of events of the expanded automaton is given by S˜ := S˘ [ S` . Here,
S˘ = [ai=1Si, where Si is the set of events of the ith subautomaton and S` is the set of additional events
introduced between the repeated states. As an example, the states q0, q3, and the event e4 are repeated,
and new events e112, e
1
21, e
2
12 and e
2
21 are added to the repeated states in the expanded automaton in Fig.
1a. Then, the time delay of these events is determined as one second.
3 New Model for Timed Automata
Although the usage of time in the mathematical model is a necessity for the real world system,
the computational complexity of time delay systems increases because of the defined all processes and
functions need more memories and time. We introduce the augmentation approach. Using this approach,
a new model is obtained for timed automata and called as the augmented automata, where each event has
only unit time delay.
The augmentation approach is defined such that time delays are represented by new states and events
in this work. The augmented automaton, A¯T (Q¯; S¯ ; C¯;q0), is introduced, where, C¯ : Q¯ Q¯! S¯ , Q¯ :=
Q[ (
[
e2S
DS(e)), and S¯ := S [ (
[
e2S
DE(e)) are given following items.
 The time delays of the events are scaled such that dse := de=l , for e 2 S and de 2 D, where l
indicates the biggest common divisor of time delays. Note that, the set of the scaled time delays
of the events is denoted by Ds. It is assumed that dse  1, for all e 2 S in this work.
 For the event e 2 S such that C(qi;q j) = e and dse = 1, the input connection from e to the state is
hold such as C¯(qi;q j) = C(qi;q j) = e for qi;q j 2Q. Note that, if C(qa;qb) = 0, then C¯(qa;qb) = 0.
 For the event e 2 S , and dse > 1, de := dse -1 numbers new events and states are defined such as
f e

1 , f
e
2 , ... , f
e
de
, and pe

1 , p
e
2 , ... , p
e
de
. The sets are constructed by using these events and states
as DE(e) and DS(e), respectively.
 The pairs are constructed by using the new events and states for any event e 2 S , dse > 1, such
that ( f e

i ; p
e
i ) for i 2 f1;2; :::;deg. For C¯(qk;qn) = e, the connections are described such as from
qn to f e

1 , from f
e
1 to p
e
1 , from p
e
1 to f
e
2 , ... from f
e
de
to qk. Hence, the new connection ma-
trix is constructed for the new automaton model such as C¯(pe

1 ;qn) = f
e
1 , C¯(p
e
2 ; p
e
1 ) = f
e
2 , ....,
C¯(qk; pe

de
) = ee

de
.
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As a result of the above procedure, we obtain the augmented automaton which has more events and
states but each event has only unit time delay.
We introduce the algebraic approach for the augmented automaton. Let S¯n be denote the present state
vector and S¯n+1 be denote the next state vector (for n 2 f0;1;2; :::g, S¯0 =LQ¯(q0) denotes the initial state
vector). The state equation is defined as follows:
S¯n+1 = (C¯_ S¯n)^ e¯; e¯ 2 S¯ : (2)
It is possible to obtain pek as the current state. It shows that the occurence of the event e has not finished
yet and also the duration time is determined as kl +te for the event e. Compared to (1), the evaluation
of the above equation (2) is much simpler, since it does not require the time notation and the event
function O.
qq
q
q
p
e
e
e
e
e1
2
4
5
1
4
1
23
fe111
pe3
1
pe3
2
fe31
fe32
pe2
1
fe21
e7
e6
fe61
pe6
1
q0
e3
Figure 2. Augmented automaton
For example, we obtain the augmented automaton (Fig. 2.) for the given timed automata (Fig. 1a).
The set of states is Q¯= fq0;q1;q2;q3;q4g[ fpe11 ; pe21 ; pe31 ; pe32 ; pe61 g, where, DS(e1) = fpe11 g, DS(e2) = fpe21 g,
DS(e3)= fp
e3
1 ; p
e3
2 g, and DS(e6)= fpe61 g, the set of events is S¯ = fe1;e2;e3;e4;e5;e6g[f f e11 ; f e21 ; f e31 ; f e32 ; f e61 g,
where DE(e1) = f f e11 g, DE(e2) = f f e21 g, DE(e3) = f f
e3
1 ; f
e3
2 g, and DE(e6) = f f e61 g, and the connection matrix
is given as
C¯=
2666666666666664
0 0 0 e4 0 0 0 0 0 0
0 0 0 0 0 f e11 0 0 0 0
0 0 0 e5 0 0 0 0 f
e3
2 0
0 0 0 0 0 0 f e21 0 0 f
e6
1
e7 0 0 0 0 0 0 0 0 0
e1 0 0 0 0 0 0 0 0 0
0 e2 0 0 0 0 0 0 0 0
0 e3 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 f e31 0 0
0 0 0 0 e6 0 0 0 0 0
3777777777777775
4 Decentralized Controller Design
A decentralized controller for the forbidden states avoidance is developed for the considered automa-
ton in this section.
4.1 Centralized Control
The centralized controller guarantees the unreachability of a forbidden state for the original automa-
ton (F denotes the set of the forbidden states). Now, we consider a centralized controller design for the
original augmented automaton (OAA).
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In the OAA, the set of forbidden states is taken as F¯ = F. It is possible that there exists a state which
only leads to any element of the set F¯. Thus, the set F¯ is extented by these sets and a new set, denoted by
G¯, is obtained by the following algorithm. This algorithm, called as FS, requests the set of the forbidden
states and the definition. Note that, this algorithm also finds the deadlock states, in which no event can
occur, and adds these deadlock states to the set G¯. In this work, each element of G¯ is called as forbidden
state.
A controller for the OAA is defined as
K¯(S¯n; e¯) = K¯(LQ¯(q); e¯) =

0; if S¯n+1 2 G¯v
1; otherwise
; e¯ 2 S¯ (3)
where, S¯n = LQ¯(q), S¯n+1 = (C¯ _ S¯n)^ e¯ and G¯v :=
S
q2G¯LQ¯(q) denotes the set of the state vectors,
corresponding to states of G¯. Note that, if q f is a forbidden state, q f 2 G¯, then LQ¯(q f ) is called as
forbidden state vector, LQ¯(q f ) 2 G¯v. Once K¯(S¯n; e¯) = 0 denotes disabling event e¯ 2 S¯ , K¯(S¯n; e¯) = 1
denotes enabling event e¯. Then, this controller guarantees the unreachability of an element of G¯.
The OAA with the controller can be also called as controlled automaton, denoted by
A¯KT (Q¯; S¯ ; C¯;q0; K¯). The controlled state equation, which is obtained by adding this controller to the
equation (2), is given as follows:
S¯n+1 = (C¯_ S¯n)^ (e¯
 K¯(S¯n; e¯)); e¯ 2 S¯ (4)
Thus, any element of of G¯ does not occur in this controlled automaton.
Algorithm to construct the set G¯
G¯ = FS(A¯T ; F¯)
G¯= F¯
Do Loop Construction
F^ = /0
For i= 1 to jQ¯j
If [Q¯]i =2 G¯ Then
cnt = 0
For j = 1 to jQ¯j
If C¯( j; i) = 0 Or [Q¯] j 2 G¯ Then
cnt = cnt+1
If cnt = jQ¯j Then
F^ F^ [^ f[Q¯] jg
End
End
End
End
End
If F^ = /0 Then
Exit Loop Construction
End
G¯ G¯ [^ F^
Loop Construction
Here, both [ and [^ are used to denote the set union. L [^ M is used, rather than L[M, whenever it is
known apriori that L\M = /0. To evaluate N = L[M, the set C is first initialized as L; for each element
(from first to last), m, of M, it is then checked whether m 2 L. If m =2 L, then m is added to set N. To
evaluate N = L [^M, on the other hand, elements of L and of M are simply appended to form N.
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4.2 Decentralized Control
Now, we first consider to design a controller for each disjoint subautomaton. Then, a controller of the
expanded augmented automaton (EAA) is obtained by using these controllers of subautomata. Finally, a
decentralized controller is designed by using the controller of the EAA for the OAA.
It is known that the augmented subautomata are easily obtained by using overlapping decompositions
and expansions. Let A¯iT (Q¯i; S¯i; C¯i;qi0) be denote the ith subautomaton. Now, some definitions and nota-
tion are given such that the EAA is denoted by A˜T (Q˜; S˜ ; C˜; q˜0), where, Q˜ := [ai=1Q¯i, S˜ := [ai=1S¯i [ S` ,
and the connection matrix can be easily determined by using new sets of states and events.
YQ¯ : Q¯! Q˜, YQ¯(q) denotes the set of states in the EAA which corresponds to the state q in the
OAA andYS¯ : S¯ ! S˜ ,YS¯ (e) denotes the set of events in the EAA which corresponds to the event e in
the OAA. Also, we defineY-1S¯ : S˜ ! S¯ andY-1Q¯ : Q˜! Q¯ such that e =Y-1S¯ (e˜) () e˜ 2YS¯ (e) and
q=Y-1Q¯ (q˜) () q˜ 2YQ¯(q).
The set of the forbidden states for the ith augmented subautomaton is obtained as F¯i := F˜\ Q¯i, where
F˜ =
S
q¯2F¯YQ¯(q¯). For the ith subautomaton, G¯i and G¯iv are obtained by using the algorithm FS. Note that,
this algorithm needs the definition of the ith subautomaton, and the set F¯i.
It is possible to design a controller, K¯i for A¯iT , if the initial state of this subautomaton is not a for-
bidden state (qi0 =2 G¯i). Since this repeated state is used for the interconnection between the subautomata
(see, Section 2.2), it is assumed that any repeated state in the ith subautomaton is not element of G¯i for
all i 2 f1; :::;ag (q˜ =2 G¯i for q˜ 2 Q˜0i which denotes the set of repeated states in the ith subautomaton).
The controller for the EAA is designed by using local controllers, K¯i for all i 2 f1; :::;ag, where a
denotes the number of subautomata,
K˜(LQ˜(q˜); e˜) =

K¯i(LQ¯i(q˜); e˜); if e˜ 2 S¯i
1; otherwise
; q˜ 2 Q˜ (5)
Note that, G˜ :=
S
i2f1;:::;ag G¯i. Consequently, the controlled state equation is obtained by adding this
controller to the state equation, for S˜n =LQ˜(q˜),
S˜n+1 = (C˜_ S˜n)^ (e˜
 K˜(S˜n; e˜)); e˜ 2 S˜
Theorem 1: K˜ avoids the existence of the elements of G˜ in A˜KT .
Proof: Let q˜ 2 Q˜ and e˜ 2 S˜ . This state is also an element of any subautomaton, q˜ 2 Q¯k, for k 2 f1; :::;ag.
i) If there is no relation between q˜ and e˜, then K˜(LQ˜(q˜); e˜) = 1 because of its definition (see, the
equation (5)). In this case, e˜ is not occured at q˜ and also this value of K˜ does not affect the
controlled state equation because of the definition of operation 
.
ii) If e˜2 S` , then K˜(LQ˜(q˜); e˜) = 1. In this case, the next state is also repeated state and not a forbidden
state (q˜o =2 G¯ j for q˜o 2 Q˜0j , 8 j 2 f1; :::;ag).
iii) If e˜ 2 S¯k, then K˜(LQ˜(q˜); e˜) = K¯k(LQ¯k(q˜); e˜). Let the next state, q˜+, be obtained by using e˜ from
q˜. If q˜+ 2 G¯k , then K¯k(LQ¯k(q˜); e˜) = 0 and q˜+ 2 G˜ because of definition of G˜ [K˜(LQ˜(q˜); e˜) = 0].
Otherwise, K¯k(LQ¯k(q˜); e˜) = 1 and q˜
+ =2 G˜ [K˜(LQ˜(q˜); e˜) = 1]. Note that, K˜(LQ˜(q˜); e˜) = 1 if there is
no relation between q˜ and e˜. 2
We now obtain a controller, K¯, for the OAA, by using the controller, K˜, for the EAA as follows:
K¯(LQ¯(q¯); e¯) = P
q˜2YQ¯(q¯)
P
e˜2YS¯ (e¯)
K˜(L˜(q˜); e˜); q¯ 2 Q¯; e¯ 2 S¯ (6)
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Furthermore, the controlled state equation is given as S¯n+1 = (C¯ _ S¯n)^ (e¯
 K¯(S¯n; e¯)); e¯ 2 S¯ , where,
S¯n =LQ¯(q¯), in the OAA.
Theorem 2: K¯ guarantees the unreachability of a forbidden state in A¯KT .
Proof: It is known that the sets G¯ j for all j 2 f1; :::;ag and G˜ are determined. Any repeated event in the
EAA is only connected to the repeated states because of overlapping decomposition approach.
i) if q¯‡ 2 Q¯,YQ¯(q¯‡) = fq¯‡g and e¯ 2 S¯ ,YS¯ (e¯) = fe¯a; e¯b; :::; e¯xg, then
K¯(LQ¯(q¯‡); e¯) = K˜(LQ˜(q¯‡); e¯a) :
K˜(LQ˜(q¯‡); e¯b): ::: K˜(LQ˜(q¯
‡); e¯x). Since any event, in the overlapping part, is only connected to the
states in the overlapping part, K¯(LQ¯(q¯‡); e¯) = 1.
ii) if q¯‡ 2 Q¯,YQ¯(q¯‡) = fq¯‡g and e¯ 2 S¯ ,YS¯ (e¯) = fe¯g, then q¯‡ and e¯ are elements of subautomata.
Note that, K¯(LQ¯(q¯‡); e¯) = K˜(LQ˜(q¯‡); e¯) = 0 if q¯‡ and e¯ are not in same automaton. If there
is a relation between q¯‡ and e¯ in the jth subautomaton, then K¯(LQ¯(q¯‡); e¯) = K˜(LQ˜(q¯‡); e¯) =
K¯ j(LQ¯ j(q¯
‡); e¯). In this case, if q¯u, which is obtained by using e¯ from q¯‡, is an element of G¯ j,
then K¯ j(LQ¯ j(q¯
‡); e¯) = 0. Otherwise, K¯ j(LQ¯ j(q¯
‡); e¯) = 1.
iii) If q¯‡ 2 Q¯,YQ¯(q¯‡) = fq¯‡a; q¯‡b; :::; q¯‡yg and e¯ 2 S¯ ,YS¯ (e¯) = fe¯g, then
K¯(LQ¯(q¯‡); e¯) = K˜(LQ˜(q¯‡a); e¯) : K˜(LQ˜(q¯
‡
b); e¯
): :: :K˜(LQ˜(q¯‡y); e¯). If e¯ is not connected to any
element ofYQ¯(q¯‡), then K¯(LQ¯(q¯‡); e¯) = 1 : 1 ::: :1 = 1. Let q¯
‡
l and e¯
 in the lth subautomaton
(the elements of YQ¯(q¯‡) n fq¯
‡
l g are in the other subautomata, K˜(LQ˜( ˙¯q); e¯
) = 1, for ˙¯q 2YQ¯(q¯‡) n
fq¯‡l g). In this case, K¯(LQ¯(q¯
‡); e¯) = 1 :::: 1 :K¯l(LQ¯l (q¯
‡
l ); e¯
) :1 :::1 = K¯l(LQ¯l (q¯
‡
l ); e¯
) is obtained.
Here, if ^¯q, which is obtained by using e¯ from q¯‡l , is an element of G˜ then K¯l(LQ¯l (q¯
‡
l ); e¯
) = 0
[K¯(LQ¯(q¯‡); e¯) = 0]. Otherwise, K¯l(LQ¯l (q¯
‡
l ); e¯
) = 1 [K¯(LQ¯(q¯‡); e¯) = 1].
iv) If q¯‡ 2 Q¯, YQ¯(q¯‡) = fq¯‡a; q¯‡b; :::; q¯‡yg and e¯ 2 S¯ , YS¯ (e¯) = fe¯a; e¯b; :::; e¯xg, then K¯(LQ¯(q¯‡); e¯)
= 1 :::: 1= 1 since any repeated state is not element of G˜.
Note that, each element of G¯ is also an element of G˜ because of overlapping decompositions and expan-
sions approach and q¯ 2 G¯) q¯ 2 Q j, for j 2 f1; :::;ag. Thus, q¯ is an element of G¯ j and also q¯ 2 G˜. This
decentralized controller prevents the forbidden states in A¯KT . 2
We can obtain a decentralized controller for the original automaton as follows:
K(LQ(q);e) = K¯(LQ¯(q);e); q 2 Q; e 2 S (7)
This controller is added to the state equation (1) and S(t) = (C_S(te))^(O(e;te)
K(S(te);e)); for e2
S is obtained. It is known that, although the forbidden states are elements of Q, the new states may be
elements of G¯. The controller of the OAA only disables the elements of S because of the connection of
the pairs new states and events (see, Section 4). Therefore, the occurence of any event, which is disabled
at any state by the controller (6), is disabled for the original automaton by the controller (7).
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Figure 3. Expanded automaton
In this section, we design a decentralized controller, which guarantees the forbidden states avoidance,
for the given timed automaton (Fig. 1a). The augmented automaton for this automaton is obtained as
Fig. 2. The EAA, shown in Fig. 3, is obtained by using overlapping decompositions and expansions.
For the original timed automaton, the set of forbidden states is given as F = fq2g and F¯ = F. Then,
F˜ =
S
q¯2F¯YQ¯(q¯) = fq2g. Now, we consider two subautomata to design a decentralized controller.
In the first subautomaton, A¯1T (Q¯1; S¯1; C¯1;q10), the set of states is Q¯1 = fq0a;q3a;q4; pe61 g, the set of
events is S¯1 = fe4;e6a;e7; f e61 g, and the initial state is q10 = q0a. In the second subautomaton,
A¯2T (Q¯2; S¯2; C¯2;q20), the set of states is Q¯2 = fq0b;q2;q3b; pe11 ; pe21 ; p
e3
1 ; p
e3
2 g, the set of events is
S¯2 = fe1;e2;e3;e4b; f e11 ; f e21 ; f
e3
1 ; f
e3
2 g, and the initial state is q20 = q0b. The connection matrices are
C¯1 =
2664
0 e4a 0 0
0 0 0 f e61
e7 0 0 0
0 0 e6 0
3775 and C¯2 =
266666666664
0 0 0 e4b 0 0 0 0
0 0 0 0 f e11 0 0 0
0 0 0 e5 0 0 0 f
e3
2
0 0 0 0 0 f e21 0 0
e1 0 0 0 0 0 0 0
0 e2 0 0 0 0 0 0
0 e3 0 0 0 0 0 0
0 0 0 0 0 0 f e31 0
377777777775
:
For each subautomaton, F¯i = F˜ \ Q¯i for i 2 f1;2g is obtained such as F¯1 = /0 and F¯2 = fq2g. In
the subautomata, the set G¯1 = /0 is obtained by using the algorithm FS (note that, G¯1v = /0). Thus,
K¯1(LQ¯1(q0a); e¯
+) = K¯1([1 0 0 0]T ; e¯+) = 1 for all e¯+ 2 S¯1 and K¯1(LQ¯1(q¯); e¯x) = 1 for all q¯ 2 Q¯1 and
e¯x 2 S¯1. The set G¯2 = fq2; pe32 ; pe31 g is obtained by using the algorithm FS (note that,
G¯2v = f[0 1 0 0 0 0 0 0]
T ; [ 0 0 0 0 0 0 0 1]T ; [ 0 0 0 0 0 0 1 0]T g). Thus, K¯2(LQ¯2(q1);e5)= 0, K¯2(LQ¯2(q3a);e3)=
0 and K¯2(LQ¯2(q¯
x); e¯) = 1 for all q¯x 2 Q¯2 n fq1;q3ag and e¯ 2 S¯2.
Using the equation (5), the controller is obtained for the EAA as K˜(LQ˜(q1);e5) =
K¯2(LQ¯2(q1);e5) = 0, K˜(LQ˜(q3b);e3) = K¯2(LQ¯2(q3b);e3) = 0, and K˜(LQ˜(q˜
‡); e˜c) = 1; 8q˜‡ 2 Q˜nfq1;q3ag;
8e˜c 2 S˜ : It is known that S˜n =LQ˜(q1) = [0 1 0 0 0 0 0 0;0 0]T , and LQ¯2(q1) = [0 1 0 0 0 0 0 0]T .
Finally, a decentralized controller, which avoids the forbidden states, is designed by using (6). This
controller is given as
K¯(LQ¯(q1);e5)= K˜(LQ˜(q1);e5) = K¯2(LQ¯2(q1);e5)= 0; K¯(LQ¯(q3);e3)= K˜(LQ˜(q3a);e3) : K˜(LQ˜(q3b);e3)=
K¯1(LQ¯1(q3a);e3) : K¯2(LQ¯2(q3b);e3) = 1 : 0= 0; and K¯(LQ¯(q
d);ew) = 1; 8qd 2 Q¯nfq1;q3g; 8ew 2 S¯ : The
final result is given such that the occurence of e5 is disabled at the state q1 and the occurence of e3 is
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disabled at the state q3. Thus, decentralized controller avoids state q2. For the original timed automa-
ton, the controller is obtained as K(LQ(q3);e3) = 0; K(LQ(q1);e5) = 0, and K(LQ(qx);ez) = 1; 8qx 2
Qn fq1;q3g; 8ez 2 S .
Now, let us compare the results of centralized and decentralized controllers for the given automaton.
Both of these controllers disables the occurence of e5 the state q1 and the occurence of e3 at the state q3.
The most advantage is that the size of the connection matrix for each subautomaton is smaller then the
size of the connection matrix of the OAA.
6 Conclusion
A decentralized controller approach using overlapping decompositions for the timed discrete event
systems. An approach, called augmentation, is presented to obtain the new modelling method such that
each unit delay of any event represents a pair of new state and event. The augmented automaton is
constructed by adding the pairs of events and states to the original automaton in this work.
The decentralized controller design approach is presented to prevent the occurence of the forbidden
states. The augmented automaton is first decomposed overlappingly and expanded to obtain subau-
tomata. Then, a controller is designed for each disjoint subautomaton. These local controllers are then
combined to obtain a controller for the augmented automaton. Moreover, the state space representation
is used for timed and untimed automata by the given algebraic approach.
Since the clock or timer does not used to analyse for the augmented automaton, the first advantage is
that the computational complexity does not depend on clock for the timed automata. For the construction
of the augmented autonmaton, the new states and events are added to the original automaton, and then
the size of the connection matrix of the original automaton is smaller than the size of the connection
matrix of the augmented automaton. Although this seems to be a disadvantage, the connection matrices
of the augmented subautomata are only used to design the decentralized controller (i.e., the connection
matrix of the augmented automaton is not used for the decentralized controller design approach). The
size of the connection matrix of each subautomaton is an advantage for the decentralized approach (the
number of states and events of subautomata is less than original automaton, [14, 15]).
Although the effort needed to obtain a useful the overlapping decomposition, this can be not com-
parable to the controller design since the decomposition may, in most cases, be easily made. Further
research can also be undertaken to use this approach to design decentralized controllers for various ob-
jectives (for example, a controller can be designed such that this controller leads the given discrete event
systems to marked states).
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